I. INTRODUCTION
A high plasma beta is a necessary condition for a working power plant. However, if neoclassical tearing modes are avoided by a suitable choice of the current profile, external kink modes can limit the achievable plasma beta in tokamak devices. These are ideal instabilities, growing on a very short time scale of t 10 ¡ 6 s. They could be stabilized by an ideal wall sufficiently close to the plasma boundary. But, in presence of a resistive wall the instabilities grow on a resistive time scale of t 10 While tokamak plasmas are approximately axisymmetric, a realistic external wall will have a complex three-dimensional shape. Designs for walls in ITER [1, 2] and for an additional, closely fitting wall in ASDEX Upgrade (AUG) [3, 4] show multiply-connected structures (i.e., with holes), as shown in Fig. 1 . These walls and the magnetic fields generated by the feedback coils cause a violation of the axisymmetry resulting in a toroidal mode coupling, and, therefore, making a three-dimensional numerical treatment of the feedback stabilization problem necessary.
Already existing codes for RWMs and feedback studies are either completely two-dimensional, such as the MARS-F code [5] and the KINX code [6] , or they use a three-dimensional model for the wall and the feedback coils only, such as the MARS-F/CARIDDI code [7] and the VALEN code [8] . All these codes neglect the toroidal mode coupling in their plasma stability calculations.
For self-consistent, three-dimensional feedback stabilization studies, the stability code STAR-WALL and the feedback optimization code OPTIM have been developed [9] . Taking several toroidal harmonics simultanously into account, the STARWALL code is able to compute openloop and with a given set of feedback parameters also closed-loop resistive wall eigenmodes in the presence of non-axisymmetric, multiply-connected wall structures. In order to find an optimal set of feedback parameters making the system stable an optimization procedure (OPTIM code) has been developed.
The goal of this paper is twofold. First of all, the capabilities of the codes are demonstrated by studies of 3D effects caused by multiply-connected wall structures. Especially, for the first time the toroidal mode coupling is taken into account. Secondly, the strength of the toroidal mode coupling is compared for the ITER and AUG wall structures, which are currently under debate. In Sec. II a brief introduction into the solution method of the three-dimensional feedback stabilization problem is presented (for details see Refs 9,10). Sec. III contains a test case study.
Two similar test equilibria have been chosen in order to study the 3D effects for ITER and AUG wall structures. In Sec. III A the test equilibria are described, whereas in Sec. III B their ideal stability properties are investigated. Stability studies with resistive wall structures are presented in Sec. III C, while the feedback stabilization of the RWMs is discussed in Sec. III D. Finally, in Sec. IV the results are summerized and an outlook for further investigations is given.
II. THREE-DIMENSIONAL STABILITY STUDIES
The energy principle of the ideal MHD can be extended to the description of RWMs. In this case the kinetic energy W k , the potential energy of the plasma W p , and the energy flux across with permeability µ 0 , plasma surface S p , volume of the vacuum region V vac , exterior normal Using flux co-ordinates (s£ u£ v), the displacement vector
The radial co-ordinate s labels the magnetic surfaces (normalized toroidal flux), (u£ v) are poloidal and toroidal magnetic co-ordinates on the surfaces, and (m,n) are the poloidal and toroidal
Fourier indices. In radial direction a finite element approach is used.
In the vacuum region the vector potential The vector potential ¡ A can be generated by surface current densities ¡ j s on the plasma-vacuum interface, on the resistive wall, and in the feedback coils. A divergence-free surface current density can be derived from a current potential Φ:
n ∇Φ. Discretizing the boundaries into triangles and assuming a constant current density on the triangles, the current potential Φ is determined by a finite element method using a variational procedure [9] .
III. APPLICATIONS
A. EQUILIBRIA
The numerical procedures are applied to two similar test equilibria which are unstable with respect to n=1 and n=2 external kink modes. Fixed-boundary equilibria are calculated with the VMEC code [12] for chosen plasma boundaries, pressure and advanced safety factor profiles shown in Fig. 2 and Fig are two-fold degenerate, while they are non-degenerate in the 3D case. As expected, the AUG wall breaks the axisymmetry stronger than the ITER wall. Note that the toroidal Fourier index n given in Table I characterizes the modes in case of an axisymmetric, closed wall. In the 3D case, the modes are dominated by the given n, but also the other toroidal Fourier index contributes to these modes. currents by the holes, leading to an increase of the growth rates (see Table I ).
D. FEEDBACK STABILIZATION
In the closed-loop part, which includes sensor loops and feedback logics, voltages are applied to the feedback coils. In the voltage-control feedback model, which is used in this study, all coils and sensors are grouped into one or more toroidal bands. Each coil band k (k=1,...,K) is linked to each sensor band l (l=1,...,L) via a proportional gain matrix G k¡ l . These matrices map the sensor signals onto voltages which are applied to the coils. In addition, a cascade control is applied to each coil, which feeds back the current flowing in a coil onto the coil voltage by an additional gain factor ¢ R C k which is equal for each member of the k-th coil band. This is equivalent to changing the coil's resistance artificially by R C k . The voltage applied to the i-th coil in the k-th toroidal band is then given by
where G k¡ l i¡ j denotes the element (i,j) of the matrix G k¡ l . N C k and N S l are the total numbers of coils in the k-th toroidal band and of the sensors in the l-th sensor band, respectively. I k i is the current flowing in the i-th coil, and S l j the signal measured by the j-th sensor in that band.
The problem is to find G k¡ l and R C k so that the system is stable. However, to run the closed-loop computations repeatedly for different G k¡ l and R C k until all eigenvalues have negative real parts is computationally very tedious. Instead, the problem is reduced in a physically reasonable manner. First of all, the gain matrices G k¡ l are constructed in such a way that each coil band produces a field classified by one toroidal Fourier index n in response to measured perturbations with the same n. This response is a linear combination of a response having the same toroidal phase as the perturbation, and another one which is phase shifted by 90/n degrees. Thus,
where ϕ k¡ l i¡ j is the toroidal angle between coil i of coil band k and sensor j of sensor band l. The sum runs over all n's to be controlled. Here, n=1,2 is used. Secondly, the dimension of the system is reduced by projecting the system's matrix onto a subspace. This subspace is defined by those open-loop eigenvectors which are considered to be most important for the problem.
In order to determine the remaining free parameters α k¡ l n , β k¡ l n , and R C k of the reduced problem the OPTIM code is applied. It uses the so-called gradient bundle method [14] for the nonlinear search of the feedback parameters with the objective to minimize the real parts of all eigenvalues [9] . Having self-consistently solved the problem for the reduced system does not necessarily imply that all modes are stable for the full system. For a final check the full system is solved with the STARWALL code using the parameters obtained for the reduced system. Figure 7 shows the complex normalized eigenvalues γµ 0 σd for the STARWALL open-loop, and STARWALL/OPTIM closed-loop computations obtained for ITER (Fig. 7a) and AUG (Fig. 7b) . Clearly, a detailed analysis of the parameter space of the equilibria, dimensional effects (2D vs. 3D), and the sensitivity with respect to the feedback parameters is needed. However, this is beyond the scope of this paper but currenly under intensive investigation. 
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